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Motivation

In 2000, W. Puninagool and S. Leeratanavalee [10]

© studied pre-generalized hypersubstitutions of type 7
@ determined idempotent elements of type (2,2).

We characterize the idempotent of type (m,n).

[m]

[10] Puninagool W. and Leeratanavalee S., Idempotent pre-generalized hypersubstitutions of type 7 = (2, 2),
Analele Stiintifice ale Universitatii Ovidius Constanta 15(2) (2007), 55-70.
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Motivation and Preliminaries

Generalized Superposition of Terms
The concept of generalized superposition of terms [8]
SE L (WH(X)MH - W (X)

(i) if t = z; € Xy, then S¥(zj,t1,..

(i) if t = 2 € X \ Xy, then S*(z,ty,..., 1) = 3
(i) if t = fi(s1,...,5n,) and assume that S*(s;,t1,...,t) for
1 < j < n; are already defined, then

Sk(fi(sl, ey Sni);tly . ,tk)

= fi(Sk(Sl,tl, . ,tk), ey Sk(sni,tl, . ,tk)).

[8] Leeratanavalee S. and Denecke K., Generalized hypersubstitutions and strongly solid varieties, General

Algebra and Applications, Proc. of the «5gth workshop on general algebra”, «15t1 Conference for young
algebraists Potsdam 2000”, pp. 135-145, Shaker Verlag, (2000).
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Motivation and Preliminaries

Generalized Hypersubstitutions

A generalized hypersubstitution of type 7 is a mapping
o:{fi:iel} - W (X)
-may not preserved arity

Hypg (7)-the set of all generalized hypersubstitutions of type 7
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Motivation and Preliminaries

Generalized Hypersubstitutions

(i) ofx] ==z € X;
(i) o[fi(t1,

W, (X) — Wy(X)

Jtn,)| = S™ (o (fi),0[t1], ..., 0[tn,]) for any n;-ary
all 1 <5 <mn,;.

operation symbol f; and assume that [t;] are already defined for
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a binary operation og on Hypg(7) is defined by

01 0@ 09 := 01 © 09.
Hypg(7) := (Hypg(7); oG, 0ia)-monoid

algebraists Potsdam 2000”, pp. 135-145, Shaker Verlag, (2000).

[8] Leeratanavalee S. and Denecke K., Generalized hypersubstitutions and strongly solid varieties, General
Algebra and Applications, Proc. of the «5gth workshop on general algebra”, “15%" Conference for young
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Motivation and Preliminaries

For t, 4,
(i) 5™(alt), oltal, .. ., oftn]) = 6[S™ (2, 11,

Sty € Wi(X) and 0,071,092 € Hypg(7) we have
(ii) (61 0 09) = &1 0 b9.

ot
Hyp(r) < Hypg(7)
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Motivation and Preliminaries

Pre-Generalized Hypersubstitutions of type (m,n)

e f,g—operation symbols of type (m,n)
e denote the generalized hypersubstitution o with o(f) = ¢; and
U(g) = t2 by Utl,tz

Definition

A generalized hypersubstitution o of type (m,n) is called a

pre-generalized hypersubstitution if the terms o(f) and o(g) are not
variables.

[m] = =
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Motivation and Preliminaries

Preliminary

Let F be a variable over the two-elements alphabet { f, g}. Let
t=F(t1,..

.,tj) where F has arity j € {m,n} and ¢ < min{m,n}, we
define M*(t) by:

(i) if t; € X, then Mi(t) = t;;

(ii) if t; = F'(s1....,sk) where F’ has arity k € {m,n} and assume
that M'(s;) are already defined, then M%(t) = M'(s;).
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ion and Preliminar

Example

Ty X1 T2

M (t) = x4
.7\42 (t) = X3

M3 (t) does not
define.
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Main Results

Main Results

Proposition

Let oy, t, be a generalized hypersubstitution of type (m,n). Then the
following statements are equivalent:
(i) ot 4, is idempotent;

(ii) &t17t2 [tl] = tl and &tl,tg [tQ] = tz.
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Main Results

Notations

e var(t)-the set of all variables occurring in the term ¢
@ op(t)-the number of operation symbols occurring in the term ¢

e ops(t)-the set of all operation symbols occurring in the term ¢

e firstop(¢)—the first operation symbol (from the left) occurring in
the term ¢

=] 5 = E DAy
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Main Results

Main Results

1

1, op(t2) > 1 and
]-7 Op(tQ) = 17
1

and op(tz) > 1.
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Main Results

Case 1: op(t1) = 1 and op(ts)

— |

Q firstop(t1)

f and firstop(te) = f;
@ firstop(t1) = g and firstop(t2) = g;
@ firstop(t1) = f and firstop(t2) = ¢
since for the case firstop(;) fi
Indeed, for s1,...,8, € X

g and firstop(to) =

f is impossible
t1 = 01y 4,[t1] =

(Utl,tz(g)7 S1y--+ S'rn) =
This implies firstop(¢;)

sm (t2 »S1,
f, a contradiction

ey Sm)-
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Main Results

Case 1: op(t1) = 1 and op(t2) = 1

Theorem

Let t1 = f(s1,...,8m) and t3 = f(s],...,s),) where
S1y++ySmy S,y 8, € X. Then the following statements are
equivalent:

(1) o¢, 4, is idempotent;

(2) the following conditions holds:
(i) if z; € var(t1) where 1 < j <m, then s; = z;;
(ii) if s; = z; where 1 < 4,5 < m, then s, = s/;

J’
(iii) if s; = 2z € X \ X;;, where 1 < j < m, then s = =.

] = -
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Main Results

Ot1,ta
o t1 = f(x1,21,24)
= f(w2,z2,24)
2] t1 = f(x1, 21, 23)
to = f(x1, 20, 23)
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Main Results

Case 1: op(t1) = 1 and op(t2) = 1

Theorem

Let t1 = f(s1,...,8m) and ta = g(s},...,s),) where

S1y-++y8my Sy, 8, € X. Then the following statements are
equivalents:

(1) oy, 4, is idempotent;
(2) the following conditions holds:

i) if x; € var(t;) where 1 < j < m, then s; = z;;
J j J
(i) if z € var(ta) where 1 < k < n, then s, = x.

(=] = = =
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Main Results

Case 2: op(t1) =1, op(t2) > 1 and
op(t1) > 1, op(tz) =1

Theorem

Let oy, +, be a generalized hypersubstitution of type (m,n), op(t1) =1,
op(te) > 1, t1 = f(s),...,s),) and ta = g(s1, ..
Siy.o., 8, € X, s,.
are equivalent:

., Sn) where
-8 € Wipm ) (X). Then the following conditions

(1) oy, 4, is idempotent;
(2) the following conditions hold
(i) if z; € var(t;) where 1 < j < m, then s/, =

o
J I
(ii) if z; € var(tz) where 1 < j < n, then s; = ;.

=] = = £ DA
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Main Results

Ot1,ta
Q t1 = f(x4,22,72)
to = g(z1, f(x1, 23, 21))
Q t1 = f(r4,22,22)
ty = g(x2, f(z1,23,21))

= 9Dar



Case 2: op(t1) =1, op(t2) > 1 and
op(t1) > 1, op(tz) =1

Theorem

Let o, +, be a generalized hypersubstitution of type (m,n), op(t1) =1,
op(te) > 1, t1 = f(s1,...,8m) and to = f(S1,...,5,) where
81,-++,8n € X, 51,...,8n € W) (X). Then the following conditions
are equivalent:
(1) o4, 1, is idempotent;
(2) if z; € var(ty) where 1 < j < m, then s; = z; and the following

conditions hold:

(i) if s; =2 € X \ X,, where 1 < j <m, then 5; = = and for each
5 ¢ X where 1 <i <m, M'(3;) = x;
(i) if s; = s; where 1 < j,1 < m, then 5; =53
(iii) For each subterm of t5 which is not a variable f(s],...,s,,) where

' 9m

815 S € Wi ) (X), if s = s; where 1 < 5,1 < m, then s = s].

= VIR

(] o
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Oty,to

0t1—

9151—
ty =

Main Results

(xla T4, "171)

(f($27 X4, 1’2), x4, f(l‘g, x4, m2))
(xla T4, 111'1)

f(f(w2, 22, 21), 24, 3)
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Main Results

Case 3: op(t1) > 1 and op(ts) > 1

Q firstop(t1) = f and firstop(te) =
@ firstop(t1) = ¢ and firstop(ta) =
@ firstop(t1) = f and firstop(t2)

)

f
g and
g
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Main Results

Case 3: op(t1) > 1 and op(ts) > 1

Theorem
Let o4, +, be a generalized hypersubstitution of type (m,n), op(t1) > 1,
op(te) > 1, t1 = f(s1,...,8m) and ta = f(s),...,s],) where

815+ -3 8ms S5+ s Sy € Wiinpy(X). Then the following conditions are
equivalent:

(1) o4, 1, is idempotent;

(2) if zj € var(t;) where 1 < j < m, then s; = z; and
ty = S™(t1,k}, ..., kL) where kl € X or kl S™(ty, k2, ... k2,)
where kJQ € X or k‘? S™(ty, k3 ,,k‘f’n) where ké e X or
kit = 5™ (t1, kY, kL) where Kb € X for some I € N.

=] = = E A
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Main Results

Oty,ta
Q= f(g($3,$2),$2,$3)
t2 = f(g($1,$2),.%'2,$1) = S3(t1)7 .’L'Q,.’L'l)
QU f(g($3,332),1132,1133)
te = f(g(z1,21), 1, 21) =

S3(f(g($17 .1'1)7 .T3,£C3), Z1,x2, l‘l)
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Main Results

Case 3: op(t1) > 1 and op(ts) > 1

Theorem

Let oy, +, be a generalized hypersubstitution of type (m,n), op(t1)
op(te) > 1, t1 = f(s1,...,8m) and to = g(s),...,s),) where

815+ w3 8ms S5+ 8y € Winpy(X). Then the following conditions are

equivalent:
(1) o4 1, is idempotent.
(2) the following statements hold:

(2.1) if z; € var(t1) where 1 < j < m, then s; = z;
(2.2) if ), € var(ty) where 1 < k <n, then s}, = xy.

> 1,
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Main Results

Oty ,ta
Q t1 = f(x1, f(x3,21,74), 23)
to = 9(30 ($3,$1,9€4))

f(
Q i1 = f((@2] flxs, 1, 24), x3)
ty = g(@1, f (23, 1,[22]))

Nareupanat Lekkoksung

[m]

DA




References

References I

[1] Denecke K. and Freiberg L., The Algebra of Strongly Full Terms,
Novi Sad J. Math. 2 (2004), 87-98.

[2] Denecke K., Lau D., Poschel R. and Schweigert D.,
Hyperidentities, Hyperequational clases and clone congruences,
Contribution to General Algebra 7, Wien: Verlag
Holder-Pichler-Tempsky, (1991), 97-118.

[3] Denecke K., and Wismath S. L., Hyperidentities and clones,
Gordon and Breach science Publishers, (2000).

[4] Denecke K., and Wismath S. L., Universal Algebra and
Applications in Theoretical Computer Science, Chapman &
Hall/CRC, Boca Raton, (2002).

=] =) = = £ DA

Nareupanat Lekkoksung Pre-Generalized Hypersubstitutions RYENSRYeIoNNIEN S ¥:IiTe] 29 / 31




References

References 11

[5] Koppitz J. and Denecke K., M-solid varieties of algebras, Springer
Science+Business Media, Inc., (2006).

[6] Leeratanavalee S., Idempotent element of W Pg(2,2) U {04}, Novi
Sad J. Math. 41(2) (2011), 99-109.

[7] Leeratanavalee S., Submonoids of generalized hypersubstitutions,
Demonstr. Math. 15(1) (2007), 13-22.

[8] Leeratanavalee S. and Denecke K., Generalized hypersubstitutions
and strongly solid varieties, General Algebra and Applications,
Proc. of the “59*" workshop on general algebra”, “15'" Conference
for young algebraists Potsdam 20007, pp. 135-145, Shaker Verlag,
(2000).

[9] Lekkoksung N. and Jampachon P., Characterizations of
Idempotent Elements in W Pg(m,n) U {04}, Submitted (2016).
[m] (=) = =

Nareupanat Lekkoksung Pre-Generalized Hypersubstitutions RYENSRYeIoNNIEN S ¥:IiTe] 30 / 31




References 111

[10] Puninagool W. and Leeratanavalee S., Idempotent pre-generalized
hypersubstitutions of type T = (2,2), Analele Stiintifice ale

Universitatii Ovidius Constanta 15(2) (2007), 55-70.

Nareupanat Lekkoksung

=]
Pre-Generalized Hypersubstitutions QVENS YRl

Prague

DA




	Motivation and Preliminaries
	Main Results
	References

