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Group classes

Theorem (Atkinson, Beals)

If C is a permutation class in which every level C(") is a permutation
group, then the level sequence C(Y), C® ... eventually coincides with
one of the following families of groups:

(1) the groups Sf,”b for some fixed a,b € N,

(2) the natural cyclic groups Z,,

(3) the full symmetric groups Sy,

(4) the groups (Gp, 0n), where (Gp)nen IS one of the above families
(witha = b in (1)).

op=n(n—1)...21 descending permutation
¢h=(12--- n)=23...n1 natural cycle

Zy = (Cn) natural cyclic group

Dy = (¢p, 6n) natural dihedral group
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Group classes

Theorem (Atkinson, Beals)

Let C be a permutation class in which every level C\" is a transitive
group. Then, with the exception of at most two levels, one of the
following holds.
(1) ¢ =8, forallne N,.
(2) Forsome M e N, C(" =S, for1 < n< M, and C(" = D, for
n> M.
(3) Forsome M,N e NwithM < N, C(" =S, for1 <n< M,
C" =D, forM+1<n<N,andC" = Z, forn> N.
The exceptions, if any, may occur in the second and third cases and
are of the following two possible types:
(i) CM+Y) = Ay, 1 and CIM+2) js an anomalous group that is neither
Dppy2 nor Zy,2, or
(iiy CM+1) js a proper overgroup of Zy,1 but is not Dy, 1.

V.
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We would like to describe the sequence
G, Comp(™") G, Comp(™*2 G, ...
for an arbitrary group G < S,

We would also like to determine how fast this sequence reaches the
asymptotic behaviour predicted by Atkinson and Beals’s results.
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E. LEHTONEN, R. POSCHEL, Permutation groups, pattern involvement, and
Galois connections, arXiv:1605.04516.

E. LEHTONEN, Permutation groups arising from pattern involvement,
arXiv:1605.05571.
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@ Sy, (p), trivial

A,
@ (heGandA, £ G
(¢ G:
e intransitive
e transitive:
@ imprimitive
@ primitive
tn=12...n ascending (identity) permutation
dn=n(n—1)...21 descending permutation

¢Gh=(12---n=23...n natural cycle

Zy = (Cn) natural cyclic group
D, = (¢n, 6n) natural dihedral group
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Simple observations

Letn,m e N, withn < m. Let G < S,,. Then 6, € Comp'™ G if and
only if5, € G.

Lemma

LetG < S,.
(a) The following statements are equivalent.
(i) Z, < G.
(ii) Zpp1 < Comp™P G.
(iii) Comp(”“) G contains a permutation ™ € Zp 1 \ {tne1}-
(b) The following statements are equivalent.
(i) Dp < G.
(ii) Dpiy < Comp™ G.
(iiiy Comp™™") G contains a permutation = € Dpy1 \ (Zns1 U {Sn1})-
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Symmetric, trivial, . ..

Theorem

The following statements hold for all n € N..
(a) Comp(n'H) Sn = Spi1.

(b) Ifn > 2, then Comp™™ {1} = {141}
(c) Ifn> 3, then Comp™™ (5,) = (6p11).
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Let N be a partition of [n].

Sn:={reS,|vBel: n(B)=B}

E. Lehtonen (TU Dresden) Permutation classes 27-29 May 2016 10/20



Alternating groups

(E 1 — partition of [n + 1] into odd and even numbers
Se,., — permutations preserving blocks of CE 1
We,., — permutations interchanging blocks of (1
Aniq1 — even permutations

On1 — 0dd permutations

Theorem

Comp(’”” Ap = (SG:'n+1 n An+1) U (WG:'n+1 N Ony 1 )

Theorem

(Ons2), ifn=0 (
Znio, ifn=1 (
{tnio}, ifn=2 (mod 4
Dpio, ifn=3 (
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Groups containing the natural cycle

Let G < Sp, and assume that G contains the natural cycle (.
(i) If Dy < Gand G ¢ {Sn, Ay}, then Comp™") G = D,,4.
(ii) If Dy £ G, then Comp"*V G = Z,, ;.
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Intransitive groups

Let G < S, be an intransitive group.
Then G < Som, g, Where Orb G be the set of orbits of G.

Moreover, Orb G is the finest partition I1 such that G < Sp.

E. Lehtonen (TU Dresden) Permutation classes 27-29 May 2016 13/20



Intransitive groups

Let N be a partition of [n].

Define the partition N’ of [n + 1] as follows.

Let Iy be the coarsest interval partition that refines I.

For each [a, b] € In, we let {a} and [a+ 1, b] be blocks of IN".

Exceptions:

If a=1and b # n, then [a, b] is a block of .

If a#1and b= n, then {a} and [a+ 1,n+ 1] are blocks of .
If a=1and b= n,then [1,n+ 1] is a block of .
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Intransitive groups

Let IN be a partition of [n].
N={{1,2,3,7,8,9,10},{4,5.6,12,13,14} {11}}
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Intransitive groups

Let IN be a partition of [n].
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Intransitive groups

Let IN be a partition of [n].
N={{1,2,3,7,8,9,10},{4,5.6,12,13,14} {11}}

Define the partition N’ of [n + 1] as follows.

Let Iy be the coarsest interval partition that refines I.
In = {{1 )2, 3}7 {47 S5, 6}7 {7, 8,9, 10}7 {1 1 }7 {1 2,13, 14}}

For each [a, b] € In, we let {a} and [a+ 1, b] be blocks of IN".
Exceptions:

If a=1and b +# n, then [a, b] is a block of .

If a#1and b= n, then {a} and [a+ 1,n+ 1] are blocks of .

If a=1and b= n,then[1,n+ 1] is a block of .

n =4{{1,2,3},{4},{5,6},{7},{8,9,10},{11},{12},{13,14,15}}
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Intransitive groups

Let I be a partition of [n]. Then, for all i > 1, we have

Sni, ifon ¢ Sn,

Comp(™) gy = )
<Sn(i),5n+1>, If(Sn S S|'|.

n .=n’
N+ .= My (i >1)
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Intransitive groups

Let G < S, be an intransitive group, and letT1 := Orb G. Let a and b be
the largest numbers o and 3, respectively, such that So"ﬁ < G. Then
for all ¢ > My (), it holds that Comp("™") G = S2?, or

Comp™9) G = (S, 6n-e).

M) :=max({|B|: Be I;} U{1})
M, p(N) := max(M(N), [1/In| —a+1,|n/In| — b+ 1)
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Let N be a partition of [n].

Autl:={re S,|vBeN: n(B)ecl}
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Imprimitive groups

Let N be a partition of [n] with no trivial blocks. Then

(S, En), if5n ¢ AutT,

Comp™") Autn = )
<S|'|/, E|'|7 5,—,_;,.1), ifon € Autll,

where Ep is the following set of permutations:

o If[1,4] N for some ¢ with 1 < ¢ < n, then ") € Ep.

(n+1)

@ If[m, n] T for some m with1 < m < n, then A\, _ "

@ If[1,n < N, then (yy1 € En.
@ Ep does not contain any other elements.

1€E|'|.
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Primitive groups

Assume that G < S, is a primitive group such that ¢, ¢ G and A, £ G.
(i (@ n=6

G Comp™" G
(1234),(3456)) {1234567, 2154376, 6734512, 7654321}
(1234),(23456)) {1234567, 1276543, 1543276, 1567234}
(12345),(3456)) {1234567,2165437, 4561237,5432167}
(12345),(134)(256)) (")
(23456),(125)(346)) (W)

(b) n£6
G Comp™™ G | G Comp™" G
Dy <G () Dpq <G (AM))

n—
(

Dinz <G (5)) Den <G (N1)

(c) Otherwise Comp™") G < (8p41).
(i) Comp™™® G < (8,.2).
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Thank you!
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