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Relative pseudocomplements

(B,V,A,,0,1) Boolean algebra and a,b € B =
= ad Vb=max{x € B|aAx<b}

o (S,A): A-semilattice
@ abes

@ relative pseudocomplement a x b of a with respect to b :=
;=max{x €S |aAx<b}

Definition 3
o (P,<): poset
@ a,beP
o L(a,b):={x€ P|x<a,b} L(a) :=L(a,a)
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Relatively pseudocomplemented posets

Remark 4
(S,N) A-semilattice and a,x,b€ S = (aAx < b L(a,x) C L(b))

e (P,<): poset

@ abeP

@ relative pseudocomplement a x b of a with respect to b :=
:=max{x € P | L(a,x) C L(b)}

e (P, <) relatively pseudocomplemented :< Vx,y € P3x xy

o P := {relatively pseudocomplemented posets}

Remark 6
o We write members of P in the form (P, <) or (P, <, ).

o (P, <) eP# (P, <) semilattice
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Example of a member of P which is not a semilattice

Example 7

is the Hasse diagram of a member of P which is not a semilattice.

Chajda, Langer Relatively pseudocomplemented posets 6 /20



Relative pseudocomplements
Example of a poset not belonging to P

Example 8

is the Hasse diagram of a poset not belonging to P since

Acxd =max{x | L(c,x) C L(d)} = max{a, b,d, e, f}.
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2. Properties of relatively pseudocomplemented posets
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(P,<)€ P anda,b,ccP=

(P, <) has a greatest element 1,
a<b&saxb=1,
a<b=(cxa<cxbandbxc<axc),
a< bxa,

a<(axb)=xb,

a<bxce b<axc,
(a*xb)xa<(axb)xb,

L(a,b) = L(a,ax b),

xX*kXx~x*x1l~1,

1x*xx~ X,

(xxy)sx)xy~((xxy)xy)xy=xx*xy.

®© 6 6 6 6 6 o6 o o o o
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Properties
Characterizing P

Theorem 10

(P, <) poset and x : P?> — P & ((i) & (ii) & (iii)):
(i) (P, <,%) €P,
(i) (x<yxz<e L(y,x) C L(2))Vx,y,z€ P,
(iii) ((L(y,x) CL(z)=x<y=xz)and L(x,y) = L(x,x*y))Vx,y,z € P.
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3. V-semilattices
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V-semilattices

When is a member of P a V-semilattice?

(P.<,x)eP
o (xxy)xy =~ (y*x)*xx = (P,<) V-semilattice and x\V y = (xxy)*y
o (P, <) V-semilattice & (x * y) * y ~ (y * x) * x

Example 12

is the Hasse diagram of a member of P satisfying (x x y) xy &= (y * x) * x.

o
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V-semilattices

A V-semilattice belonging to P not satisfying

(x*xy)xy =~ (y*x)*x

Example 13

1
a
0
is the Hasse diagram of a \/-semilattice belonging to P, but
(Oxa)xa=1xa=a#1=0x0=(ax0)=x0.

v
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4. Distributive posets
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Distributive posets

Definition 14
e (P,<): poset
e M\NCP
o L[(M,N):={xeP|x<yVy e MUN}
o UM,N):={xeP|x>yVy e MUN}
e (P, <) distributive :&

< U(L(x,y), L(x,z2)) = U(L(x, U(y, 2)))Vx,y,z € P

Lemma 15
o (L,V,A) lattice = ((L,V,A) distributive < (L, <) distributive)
o (P, <) poset = ((i) & (ii)):
(i) (P, <) distributive
(ii) U(L(x,y),L(x,2)) C U(L(x,U(y,2)))Vx,y,z € P

| A

.
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Distributive vs. relatively pseudocomplemented

Theorem 16
o (P;<) e P = (P,<) distributive
e (L,V,A) finite distributive lattice = (L, <) € P
e (P, <) distributive & (P,<) € P

Example 17

is the Hasse diagram of a distributive poset not belonging to P since it has
no greatest element.

v
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Distributive posets

When do distributive posets belong to P?

Theorem 18
(P, <) distributive and ACC = ((i) < (ii)):
i) (P,<)eP

(ii) Va, b € P3 the supremum of any two maximal elements of
{x e P|L(a,x) C L(b)}
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Thank you for your attention!
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