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Results|

1. For a good residuated lattice X, X is perfect
if and only if X/D(X) =4{0,1}

2. For a local residuated lattice X, it is relative
free of zero divisors if and only if X = Rad(X)uU{o}

3. Every local residuated lattice is strong.



(X,N\,V,®,—,~,0,1) is called a residuated lattice if

(1) (X,A,V,0,1) is a bounded lattice;
(2) (X,®,1) iIs a monoid;
3) o0y <zifand only if xr <y — 2z if and

only iIf y <z~ z.

For all r € X, we denote = =z — 0 and

Y

™ = x ~ 0.



FCX (F#0)is called a filter (F € Fil(X)) if

(F1l) z,ye F = 20y e F
(F2) xe Fand s <y => y€ F

A filter F' is called normal (F € Fil,(X)) when
x—ye Fifand only if x ~ y € F.

Y

X/F=(X/F,\,V,®,—,~,0/F,1/F) is a residuated
lattice for F' € Fil,(X).



F e Fil(X) (F# X) is called Boolean if

xVx ,xVx~ € F for any xz € X.

Fact] (Rachiinek and Salounova,2010)
For F ¢ Fil,(X),
F' is Boolean <— X/F' is a Boolean algebra.



By ord(z), we mean the least natural number
n € N such that 2 =0, where 2" =20 --- O .

VY

n
If no such natural number, then ord(xz) = .

We define
D(X) ={x € X |ord(x) = oo},

the set of all elements of X with infinite order.



X IS called /ocal if X contains a unique maximal
filter.

Fact] (Ciungu,2009) The following conditions
are equivalent:
(1) D(X) is a proper filter of X;
(2) X is local;
(3) D(X) is the unique maximal filter of X;
(4) ord(z ®y) < oo = ord(z) < co Or
ord(y) < oo.



A local residuated lattice X is called perfect if
ord(x) < oo or (ord(xz™) = oo and ord(z™) = o) for
every x € X.

W For a good residuated lattice X,

X is perfect <= 04 [zVvz™) and 0 ¢ [xV x™)
< D(X) is a Boolean filter.

To show that D(X) is normal, we need another
topic, state.



A map s: X — [0,1] is called a Bosbach state if

(S1) s(z) + s(z = y) = s(y) + s(y — =)
(S2) s(z) + s(z~y) = s(y) + s(y ~ =)
(S3) s(0) =0 and s(1) =1




Fact| (kondo,2014) For a Bosbach state s on
a residuated lattice X,

(1) ker(s) is a normal filter;

(2) X/ ker(s) is an MV-algebra.

Corollary For any perfect residuated lattice X,
D(X) is a normal filter.

Considering the quotient algebra X/D(X) by the
normal filter D(X),
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Theorem]| por 3 good residuated lattice X, X is
a perfect residuated lattice if and only if X/D(X)
IS the two-element Boolean algebra, that is,

X is perfect <— X/D(X) = {0, 1}.
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We define

Rad(X) =n{M | M is a maximal filter of X},

Rad(X)* ={x € X |x ¢ Rad(X)},

rly <— y "<z and xdy=(y Oz ).
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A map s: Rad(X)* — [0, 1] is called a local additive

measure if

(lam1) zly and Dy € Rad(X)*
= s(z®@y) = s(x)+s(y) for z,y € Rad(X)™;
(lam») s(0) = 0.

X IS called relative free of zero divisors if

Jy1,y> € Rad(X) s.t. 20y =y ®x =0
= =0
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Theorem| A residuated lattice X is relative free

of zero divisors if and only if 27,2~ € Rad(X)
iImplies x = 0.

Corollaryf r x is local and relative free of zero

divisors, then D(X) = X — {0}.
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Fact] (Extension property) (Ciungu, Georgescu
and Muresan, 2013) Let X be a local residu-
ated lattice which is relative free of zero divisors.
T hen every local additive measure s on X can be
extended to a 2-valued RieCan state R; on X.

Y

Theorem|

There exists a unique local additive measure on
a local residuated lattice which is relative free of
zero divisors.
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Theorem|

Let X be a local residuated lattice relative free
of zero divisors and s be a local additive measure
on X. Then the extension R; of s iIs a Bosbach
state if and only if s(x) =0 for z € Rad(X)*.
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A perfect residuated lattice X is called strong if
r,y € Rad(X)* imply zVy € Rad(X)*.

[Fa_ct] (Ciungu, Georgescu and Muresan, 2013)
Any strong perfect residuated lattice admits a
generalized state-morphism.

For a local residuated lattice X, we have Rad(X) =
{x € X |ord(z) = oco}.
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Theorem| gyery local (and hence perfect) resid-
uated lattice i1s strong.

Indeed, for z,y € Rad(X)* = D(X)*, there exist
m,n € N such that =" = ¢y = o.

= (zVy)MTN < zMVy"=0V0=0

= zVy € D(X)* = Rad(X)*
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Combining these results, we conclude that

Theorem| Eyery local residuated lattice admits
a generalized state-morphism.
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Thank you for your attention!!
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