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Introduction

Let R be an associative ring and Ry, Ry its subrings. Suppose that
for every r € R there exist 1 € Ry and r» € R> such that
r = r + rn. We denote it shortly by

R=R+R

(we keep this notation throughout the talk).

Ex: BR)=(CE)+ (& Q) where R is the field of real numbers.
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Introduction

By A =Z[x1, x2,...,xs] we denote the free ring in indeterminates
X1,X2,...,Xp. A polynomial f € A is called monic if at least one of

the monomials of highest degree in the support of f has coefficient
1.

We say that B is a Pl ring if and only if there is a monic

polynomial f € A such that ¢(f) = 0 for every homomorphism
¢:A— B.
Then we say that B satisfies the identity f = 0.

Ex.: The ring Ma(R) = (R E) satisfies the identity
[[x1, %2]?, x3] = (x1x2 — x2x1)%x3 — x3(x1%2 — x2x1)% = 0.
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Introduction

K. I. Beidar and A. V. Mikhalev in the paper:

Generalized polynomial identities and rings which are sums of two
subrings, Algebra and Logic 34(1995), 1-5 (English translation).

stated the following problem, which is still open:

@ Let R = Ry + R». Suppose that R; and R» satisfy polynomial
identities (shortly, are Pl rings), is then also R a P/ ring?

The answer to this problem is known to be positive in several cases.
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Particular positive answers
Results Tools
General results

Let R=R; + R».
Kegel (1962)

o If Ry and R, are nilpotent (i.e. they satisfy the identity
x1x2 - - xp = 0), then so is R.

Puczytowski-Kepczyk (1996)

e If Ry and R, are nil of bounded index (i.e. they satisfy the
identity x” = 0), then so is R.
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Particular positive answers
Results Tools
General results

Let R=R; + R».
Bahturin-Giambruno (1994)

o If Ry and R, are commutative, then R satisfies the identity
[x1, %2][x3, xa] = 0.

Beidar-Mikhalev (1995)

o If Ry satisfies the identity [x1,x2] - - - [X2m—1, X2m] = 0 and R,
satisfies the identity [x1, x2] - - - [x2pn—1, X2n] = O for some
m,n > 2, then R is a Pl ring.
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Particular positive answers
Results Tools
General results

The proof of the following theorem is based on some ideas of the
paper:

K.l. Beidar and A.V. Mikhalev, Generalized polynomial identities
and rings which are sums of two subrings, Algebra and Logic
34(1995), 1-5 (English translation).

Puczytowski-Kepczyk (2001)

@ Suppose § is a homomorphically closed class of rings which is
closed under direct powers. If every nonzero prime ring in §
contains a nonzero one-sided P/ ideal, then § consists of P/
rings.
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Particular positive answers
Results Tools
General results

Let R= R + R».
Puczytowski-Kepczyk (2001)

(i) If Ry or Ry is a one-sided ideal of R and both R; and R, are
Pl rings, then R is a Pl ring.

(ii) If Ry is nil of bounded index (i.e. it satisfies the identity
x" =0) and Ry is a Pl ring, then R is a P/ ring.
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New results

Algebras that are sums of two subalgebras satisfying polynomial it References

Assume that A is an associative K-algebra and B, C are its
subalgebras such that
A=B+C

(we keep this notation throughout the talk).

We say that an algebra H almost satisfies certain property w if it
has an ideal / of finite codimension in H (i.e. dimx H/I < o)
which satisfies w.
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New results

Algebras that are sums of two subalgebras satisfying polynomial it References

Consider two arbitrary classes S and T of algebras, for which 0 € S
and 0 € T. The class of all algebras H containing an ideal / such
that / € S and H/I € T will be denoted by ST, that is

ST = {H | there exists | < H such that / € S and H/I € T}.

Obviously S € ST and T C ST.

We denote the class of all finite dimensional algebras, nilpotent
algebras, nil of bounded index algebras and commutative algebras
by F, N, B and C, respectively.
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New results

Algebras that are sums of two subalgebras satisfying polynomial it References

F - the class of all finite dimensional algebras
N - the class of all nilpotent algebras

B - the class of all nil of bounded index algebras
C - the class of all commutative algebras

Let A=B+ C.

Kepczyk (2008)

(i) f BENF and C € NF, then A NF.
(i) If B€ BF and C € BF, then A € BF.
(iii) If B € CF and C € CF, then A € NCF.
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New results

Algebras that are sums of two subalgebras satisfying polynomial it References

Let f and g be polynomials such that if R=R; + R and R;
satisfies the identity f = 0 and R» satisfies the identity g = 0 then
R is a Pl ring. Moreover let S and 7 be the classes of all
K-algebras satisfying identities f = 0 and g = 0, respectively.

Let A= B+ C.
Kepczyk (2015)
o If Be SF and C € TF, then Ais a Pl algebra.

Corollary:
o If BE NCF and C € NCF, then Ais a Pl algebra.
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Algebras that are sums of two subalgebras satisfying polynomial it References

Kepczyk (2016)

@ Let M be the class of all semisimple finite dimensional
K-algebras of the form A = B + C, where B satisfies the
identity h = 0 and C satisfies the identity w = 0. Then all
algebras in M satisfy a common polynomial identity.
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