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AIMS

o conditions for an operation f when the
operation is uniquely determined by its
second centralizer

o algorithm for describing f by means of
the second centralizer
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Preliminaries

For a nonempty set A, a mapping f: A — A is called a unary operation on A.
The pair (A, f) is said to be a monounary algebra.

Definition

| A

The centralizer of a monounary algebra (A, f) is the set C (A, f) of those
mappings g: A — A which commute with the mapping f.

A\

Definition

The first centralizer of (A, f): C1(A, f) =C(A, f).
The second centralizer of (A, f) is the set

CAH= [] CAg.

9g€C1(A,f)
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Preliminaries

@ f and g are equivalent with respect to the first centralizer if
g+ Ci(Af)=Ci(4,9)
@ f and g are equivalent with respect to the second centralizer if

f%29<:>02(A,f):CQ(A7g)

Mappings f and g of a set A into A are equivalent with respect to the first
centralizer if and only if they are equivalent with respect to the second
centralizer.

@ The equality of the second centralizers do not imply the equality of the
first centralizers of algebras (A, F) such that either F' consists of an
operation which is at least binary or |F'| > 1.
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Preliminaries

Definition

We will denote s (z) = oo if there exists a sequence {2}, .y, of elements
belonging to A with the property o = « and f (z,) = 1 for each n € N.

X=X, X X,

Definition

Next, s (z) = k, where k € Ny, if k is the largest element of Ny such that

I (@) #0.
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Theorem 1

Let (A, f) be a connected monounary algebra. Then Cs (A, f)
uniquely determines f if and only if one of the following conditions
is fulfilled:

(a) s(z) # oo for each = € A,
(b) (A, f) contains a one-element cycle,

)

(¢) (A, f) contains a k-element cycle with long tails, k& > 1,
(d) (A, f) does not contain any cycle and there exist d|st|nct
elements u,u/,v,v" € A such that f (u) =/, f (v) =

f)=fQ).
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Let (A, f) be a non-connected monounary algebra. Then C5 (A, f) uniquely
determines f if and only if one of the following conditions is fulfilled:

(a) A contains a component B such that s (z) # oo for each « € B, or B
does not contain any cycle and there exist distinct elements
u,u’,v,v" € B such that f (u) =/, f(v) =7/, f ()= f({),

(b) A contains a line with short tails and a k-element cycle with long tails,
k> 2,

(c) A contains a line with short tails and a k-element cycle with an infinite
tail, k € {1,2},

(d) each component contains a cycle, where to each l-element cycle with
short tails, [ > 2, there is a k-element cycle with long tails, k > 2, such
that

o either [ |k,
o or k|l and thereisnon € Nwith 1 <n <, (n,1) =1,
n = 1(mod k).
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Theorem 2(a)

A contains a component B such that s (z) # oo for each z € B, or B does not
contain any cycle and there exist distinct elements u,u’,v,v" € B such that

flw =, fv)=2, f@)=Ff{).

or
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Theorem 2(b)

A contains a line with short tails and a k-element cycle with long tails, £ > 2.
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Theorem 2(c)

A contains a line with short tails and a k-element cycle with an infinite tail,
ke {1,2}.
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Theorem 2(d)

each component contains a cycle, where to each [-element cycle with short
tails, [ > 2, there is a k-element cycle with long tails, k > 2, such that

@ either [k,
@ or k|l and thereisnon € Nwith 1 <n <1, (n,l) =1, n = 1(mod k).

1=3,k=6 1=6 k=3
n=2 (2,6)#1, 2% 1 (mod3)
n=3:(3,6) #1,3# 1(mod3)
n =4: (4,6) # 1,4 =1 (mod 3)
n =5 (5,6) =1,5 % 1(mod3)

% 8-element cycle with short tails and 4-element cycle with long tails;
=8, k=4, n=5: (58)=1,5=1(mod4)
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Notations

Let £ be a monoid of transformations of a given set A.
Suppose that E is a centralizer of some monounary algebra defined on A.

@ V4 - a set of all cyclic elements of the algebra
Vi={zeA\Vo: f(z) € Vuo}

Assume that we have defined V; for each i < n, n € N.
Visi ={z € A: f(x) € Vi)

i-layer - V;, i € N

@ 15 (C) - a cycle C from V.
@ V5 (c) - a one-element cycle (consisting of the element c)

@ for k € N, the k-layer corresponding to C' is the set
Vi (C) = {CL‘ eV f(:r) € Vi1 (C)}

@ the union of sets V; (C), ¢ > 0 is the set of elements of the component
containing the cycle C'
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Proposition

Let Vi be a set of all one-element cycles in the algebra. Let ¢ € A.

(i) The element ¢ belongs to Vg if and only if there exists ¢ € E such that
p(x) =cforall z € A.

(i) Letx € A, 2 ¢ V. Then x € V4 (c) and f (z) = c if and only if there
exists ¢ € E such that o~ ! (c) = {c,z}.

111 et x o UV, ye Vi (e). enx € Vy (c) an x) =y It and only

iii) L Ve u vt Vit (). Th Vot df if and onl
if there exists ¢ € E such that o' (c) = {c,y} and ¢ (z) = y.

v uppose that we have described operation or all elements z € V;” (¢),

iv) S h have described ion f for all el Vit
i<n. letx ¢ Vg UV U...UV., y €V, (c). Then z € Vyq1 (c) and
f (x) = y if and only if there exists ¢ € E such that o= (Vi (¢)) = {y}
and ¢ (z) € Va (c).
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Notations

@ Let V! be a set of all elements of components containing one-element
cycle in the algebra.

@ Let Ey be aset of all ¢ € F such that ¢ (z) € A\ V! forallz € A\ V"

@ A cycle B of length at least 2 is called a minimal cycle if |D| = |B| or
|D| t|B] is valid for every cycle D.

@ Aset {D;: i€ I} of cycles is said to be minimal if | D;| # |D;| for i # j
and to every minimal cycle B there exists k € I such that |B| = |Dxg|. In
other words, the only representative is selected from the minimal cycles of
the same length.

@ If D =J,.; Di, we say that D is a minimal set of cyclic elements.

iel
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Let minyep, |’¢ (A \ V1)| =k.
(a) C, C C A is a minimal cycle, iff there exists ¢ € E; such that
o (ANVY)| =k, C C g (4\VY).
(b) The element z € A\ V' belongs to some minimal cycle, iff there exists
¢ € By such that [ (A\ V)| =k, z € Im ¢.

(c) The elements z,y € D belong to the same minimal cycle, iff there exists
¢ € E1 such that p(z) = y.

(d) The elements z,y € A\ V! belong to the same component iff for all
p € E1 if ¢ (x) # x is from some minimal cycle then ¢ (y) # y.

(e) Let K be the component without a minimal cycle.
Consider Bz = {¢ : ¢ (2) = 2,Vz ¢ K, ¢ (y) # y,Vy € K}. The set of
cyclic elements in K is () g, Im (¢ | K).
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Proposition
Let C be a cycle of length at least 2.

(i) There exists g such that g (¢) # ¢ for all ¢ € C and the set
{y : vo (y) € C} is minimal for all such mappings. Then
Vi(C) =g (O)\C.
(i) Va(C) = {t: 9o () € Vi (O)}.
(iii) Suppose that we have described i-layer V; (C') for 2 < i < n. Then
Vo (C) = {t 1 po (t) eV (C)}

| \

Proposition
Let C be a cycle of length at least 2 such that V2 (C) = 0. Let x € V4 (C).
’ ft /
There exist ' € C and ¢ € E; such that ¢ (t) = vomte {.a:, =},
t  otherwise.
Then f (z) = f (¢') where f is one of the mappings ¢ € E; which is a
permutation consisting of a single one cycle.

N
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Let C be a cycle of length at least 2 such that V5 (C) # 0.

(i) Let z2 € V2 (C). There exists the only element z; € Vi (C) such that for
all p € F1 if ¢ (21) € C then ¢ (22) € Vo (C) U V4 (C). Hence
f(22) = z1.

There exists the only element zp € C such that for all ¢ € E; if

© (22) = z1 then ¢ (21) = 2z0. Hence f (z1) = zo.

There exist p € E1, 2’ € C such that ¢ (21) = 2', ¢ (22) € C. Then

f (¢ (22)) = 2'. Now we can describe operation on the cycle. Let ¢ € C,
¥ p(22) — a'; then f(c) = ¥ (c).

(ii) Suppose that we have already described f (z) for x € V; (C), 2 < i < n.
Let z, € V,, (C). There exists the only element z,_1 € V;,_1 (C) such
that there exists 1 € E1 for which ¢ (zn—1) = f" 2 (t) € Vi (C);

Y (y) € C; ¥ (2n) € Vo (C). Then f (21) = zn—1.
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Let f be a mapping of A to A. Then f is uniquely determined by F if and only
if f is constructed according to the above algorithms and f fulfills the
condition (d) of Theorem 2.
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Thank you
for your attention.
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